Abstract. We prove that if a compact Riemannian 4-manifold with positive sectional curvature satisfies a Kato type inequality, then it is definite. We also discuss some new insights for compact Riemannian 4-manifolds of positive sectional curvature.
Introduction
In this paper we focus on the discussion of compact oriented Riemannian 4-manifolds with positive sectional curvature. We begin with a famous conjecture addressed by Heinz Hopf: S 2 × S 2 does not admit a metric with positive sectional curvature. Until this day the conjecture is still widely open except for some special cases. For instance, see Berger [2] , Tasagas [13] , Bourguignon [7] , Seaman [11] , Hsiang-Kleiner [9] and others. In [10] Li-Liu proposed a geometric flow approach to this problem.
Let M be a compact oriented 4-manifold. We denote by b + 2 (resp. b − 2 ) the number of positive (resp. negative) eigenvalues of the intersection form. M is said to be definite if either b + 2 = 0 or b − 2 = 0. S 2 × S 2 is not definite since b + 2 (S 2 × S 2 ) = b − 2 (S 2 × S 2 ) = 1. We shall prove By Theorem 1.1, to prove Hopf conjecture, one only needs to verify that formula (1.1) holds on compact oriented Riemannian 4-manifold with positive sectional curvature.
The proof of Theorem 1.1 is based on a Bochner formula of mixed type (Theorem 2.1), which is proved in Section 2. Formula (1.1) is closely related to Kato inequality. We will discuss the details in Section 4.
A general conjecture can be formulated as: A compact simply connected 4-manifold with positive sectional curvature is homeomorphic (or diffeomorphic ) to S 4 or CP 2 .
We remark that the results in this paper were obtained in 2012. While trying to derive more complete result from the formulas in this paper, we have circulated this paper among many colleagues for the past several years.
A Bochner type formula
2.1. Let M be a compact Riemannian manifold. Let ∆ = dδ + δd be the Hodge-Laplacian, where d is the exterior differentiation and δ is the adjoint of d. Let φ ∈ Ω k (M) be a smooth k-form and {e i , 1 ≤ i ≤ n} be an orthonormal frame. Then we have the well-known Weitzenböck formula
where ] . We say that a k-form φ is harmonic if ∆φ = 0. The famous Hodge theorem states that the de Rham cohomology H k dR (M) is isomorphic to the space spanned by harmonic k-forms. Hodge theorem is a bridge to connect curvature and topology of manifolds.
Let φ = i, j φ i j ω i ∧ ω j be a harmonic 2-form, where {ω i , 1 ≤ i ≤ n} is the dual frame of {e i , 1 ≤ i ≤ n} which is normal at p, i.e. ∇ e i e j (p) = 0. By formula (2.1), we can obtain (c.f. [6] or
where R i jkl = R(e i , e j )e k , e l is the curvature tensor and Ric i j = k R(e k , e i )e k , e j is the Ricci tensor. We will present a proof for (2.2) in the appendix.
Recall that the Hodge star operator is defined by
It can be extended linearly to all smooth forms. Obviously Hodge star operator maps harmonic forms to harmonic forms. A form φ is called self-dual if * φ = φ and anti-self-dual if * φ = −φ. If M is of 4k dimension, by Hodge theorem and de Rham theorem, we have
It is also easy to see that M is definite if and only if any harmonic 2k-form φ is self-dual or anti-self-dual.
Let M be a compact oriented Riemannian 4-manifold. Let φ be a harmonic 2-form on M.
We denote by φ + = φ + * φ and φ − = φ − * φ. Then * φ + = φ + and * φ − = −φ − . Set F = 
where K is the sum of some sectional curvatures determined by φ. The explicit form of K is given below (2.7).
One of the interests of this formula is that the curvature term K contains only sectional curvature. This avoids the pinching assumption of sectional curvature, which is always necessary before.
For any p ∈ M, we can choose an orthonormal basis {e 1 , e 2 , e 3 , e 4 } of T p M such that
That is to say, locally we can write
Since any orthonormal basis at a point p can be extended to an orthonormal frame normal at p. We may always assume that the frame field is normal at p. Now we calculate the Laplacian of F =
and
where
Proof. We write φ as
By formula (2.2), we obtain
Then the lemma follows from the Bianchi identity
Now we will prove Proposition 2.3.
Proof. From Lemma (2.2), one gets (2.10)
2 ). Combing (2.10), (2.11) and Green-Stokes formula, one obtains
This completes the proof of the proposition. 
By using Schwarz inequality, one has
G|∇φ + | 2 + F|∇φ − | 2 + 2 ∇F, ∇G ≥ 2|∇F| · |∇G| + 2 ∇F, ∇G ≥ 0.
By (2.3), one has
M KFGdv ≤ 0.
Since K > 0, it follows that F ≡ 0 or G ≡ 0, i.e. φ is self-dual or anti-self-dual. Hence M is definite.
Corollary 3.1. Let M be a compact Riemannian 4-manifold with positive sectional curvature. If one of the following four conditions holds: 1) F or G is constant;
2) FG is constant;
Proof. 1) follows directly from (2.3).
2) If FG is constant, then by (2.3) we have 
If R 1234 is nowhere zero, then ∆F ≥ 0 (when R 1234 < 0) or ∆G ≥ 0 (when R 1234 > 0). So either
Otherwise we assume that R 1234 (p) = 0. So in a neighborhood U(p) we have K − R 1234 > 0 and K + R 1234 > 0. We must have F ≡ 0 and G ≡ 0 in U(p). Hence F ≡ 0 and G ≡ 0.
It also follows directly. Proof. Because
The conditions in the corollary force that ∆F = 8kF or ∆G = 8kG. This leads to F ≡ 0 or G ≡ 0.
Kato type inequality
In this section we discuss the connections between Kato inequality and Hopf conjecture. Recall that the classical Kato inequality says that if s is a section of a Riemannian vector bundle E over M with connection ∇, then |∇s| 2 ≥ |d|s|| 2 for s(x) 0. This is an easy consequence of the Schwarz inequality
For harmonic 2-forms, we have the following Seaman's ( [12] ) refined result.
Lemma 4.1. Let M be a compact Riemannian 4-manifold. Let φ be a harmonic 2-form. Then
The proof below is a slight generalization of [12] , but the idea is the same.
Consider the new metric g ′ = exp(2 f )g. Let F(φ) be the curvature term in the Bochner formula
F(φ) be the corresponding curvature term under metric change. Then we can calculate that
Because a harmonic 2-form is still harmonic under a conformal transformation (c.f. [3] ). Combing (4.2), (4.3) and (4.4), one has
where ∇ ′ , | · | ′ , ∆ ′ denote the corresponding connection, metric, Laplacian under the conformal change of the metric.
On the other hand, by the formula of conformal change (c.f. [3] page 59), one has
Substituting(4.6) into (4.5), we obtain 2 ) for any harmonic 2-form, by formula (4.9),
Let k → ∞. This leads to d|φ| = 0.
In [4] Bettiol considered so called biorthogonal sectional curvature
where σ ⊥ is the plane orthogonal to σ. He proved that S 2 × S 2 admits a metric with sec ⊥ M > 0. Moreover, he showed in [5] that for a compact simple-connected 4-manifold M, the following three statements are equivalent: 1) M admits sec ⊥ M > 0; 2) M admits Ric M > 0; 1) M admits scal M > 0.
So Theorem 1.1 essentially holds for positive biorthogonal sectional curvature. By Bettiol's result and Lemma 4.2, we know that only Theorem 2.1 is not enough for Hopf conjecture. We need more information about how sectional curvature affects harmonic 2-forms.
We still can ask the following question: Let φ be a harmonic 2-form on a compact Riemannian 4-manifold with positive sectional curvature. Does |∇φ| 2 ≥ 2|d|φ|| 2 hold?
If the answer is positive, then Hopf conjecture is true.
Appendix
Though the computation of formula (2.2) is standard and may be found elsewhere, for convenience we write down the details.
Let φ = k,l φ kl ω k ∧ ω l be a harmonic 2-form. φ kl = −φ lk 
